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Abstract. We prove that the distortion function of the Gauss map of a har- 
monic surface coincides with the distortion function of the surface. Conse- 
quently, Gauss map of a harmonic surface is K, quasiconformal if and only if 
the surface is K, quasiconformal, provided that the Gauss map is regular or 
what is shown to be the same, provided that the surface is non-planar. 



1. Introduction and statement of the main result 

An orientation preserving smooth mapping : J7 — > between two open 
domains $7,17' C C is called /C (/C ^ 1) quasiconformal if dilatation d/ of the 
Beltrami coefficient ^{z) := (pz/^z satisfies the inequality 



:— \fi{z)\ ^ k 



/C + 1' 



or what is the same if 



2 V K. 



where ||V(^|| is the Hilbert-Schmidt norm defined by 

\\V^r:^\^z\' + \^,\' 

and 

is the Jacobian of V(p. 

Note that in our context is enough to assume that ip is smooth mapping, however, 
the classical definition of quasiconfomality assumes weaker conditions (cf. [Ij pp. 
3, 23-24]). Note also that, in this definition we do not assume injectivity. 

1.1. Parametric Surfaces. We define an oriented parametric surface Ai in R^ 
to be an equivalence class of mappings Y = (a, &, c) :£)—>■ J{P of some domain 
D C C into R"^ , where the coordinate functions a, b, c are of class at least '^^{D) . 
Two such mappings X : D —i' R^ and X : D R'^ , referred to as parametrizations 
of the surface, are said to be equivalent if there is a '^-'^-diffeomorphism cj) : D D 
of positive Jacobian determinant such that Y = Y ocj) . Let us call such a change 
of variables, or reparametrization of the surface. Furthermore, we assume that the 
branch (critical) points of Ai are isolated. These are the points {x, y) G D a,t which 
the tangent vectors Yx = = ^ are linearly dependent or equivalently 

Yx xYy ^ where by x is denoted the standard vectorial product in the space K^. 
Equivalently, at the critical points the Jacobian matrix \/Y{z) has rank at most 1. 
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It has full rank 2 at the regular points. A surface with no critical points is called 
an immersion or a regular surface. 

For regular points of the surface we define the distortion function by 

^ m? + \\Yyr 



2||r, X Yy\ 



A mapping Y is called /C quasiconformal if 

1 
K. 

If /C = 1 then (|l.ip is equivalent to the system of the equations 



(1.1) WYA"" + \\Yy\? ^[^ + t)\\^-''^v\\^ z = x + iyeD. 



(1-2) 115^.11' = \\Yyf and {Y^,Yy)^0, 

which represent isothermal (conformal) coordinates of the surface M. If u is har- 
monic and satisfies the system (II. 2p then M is a minimal surface. 

If Y is an immersion of M and X = {u,v,w) are isothermal coordinates of a 
smooth surface M, and ii ip — o Y , then we have 

1.2. Gauss map of a surface. Let X : — >■ be a smooth regular surface 
and let M — X{fl). Let S*^ be the unit sphere in and let n : — >• 5^ be the 
orientation preserving Gauss map of M defined as follows 

, s _ Xu X Xy 

"^^^ " Wx^xXyW 

If we denote by / : 5^ \ {(0, 0, 1)} ^ R^, 



f{xi,X2,X3) 



.1 - Xs ' 1 - X3, 

the stereographic projection, then the orientation preserving map g / o n is said 
to be the complex Gauss map of X. 

Since / is a conformal mapping, then g is quasiconformal if and only if n is 
quasiconformal with the same constant of quasiregularity. Moreover 

A smooth enough surface can be parameterized using a isothermal parameter- 
ization. Such a parameterization is minimal if the coordinate functions Xk are 
harmonic, i.e., 4'k{C) ^re analytic. A minimal surface can therefore be defined by a 
triple of analytic functions such that 

(1.5) 0? + 02 + 02^0. 

The real parameterization is then obtained as 

(1.6) Xk=^jMC)dC- 

But, for an analytic function p and a meromorphic function q, the triple of 
functions 

(1-7) MO=pi^-q') 
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(1.8) cj>2{0^ip{l + q^) 



(1.9) 03(0 = 2m 

are analytic as long as p has a zero of order ^ m at every pole of q of order m. 
This gives a minimal surface in terms of the Enneper-Weierstrass parameterization 

(1.10) j {p[l - q^)- ip[l + q^)- 2pq}dQ. 

It is well known that if the surface is minimal endowed with Enneper-Weierstrass 
parameterization, then its complex Gauss map is a meromorphic function q{'w) = 
—i/q'{w). See for example [3 Sec. 9.3] for the above facts. 

In this paper, we extend this result to quasiconformal harmonic surfaces by 
proving the following theorem. 

Theorem 1.1. The dilatation and distortion function of the Gauss map n of a 
harmonic surface X coincides with the dilatation and distortion function of the 
surface itself provided that the Gauss map is regular. In other words, if 

dn dn 

(1.11) 

then 

(1.12) S)„(2) = S)x(z) 
and 

(1.13) dx{z)=dn{z). 

Corollary 1.2. If a harmonic parametric surface X is K, quasiconformal then its 

Gauss map is IC quasiconformal, privided that the Gauss map is regular. 

We also prove the following theorem 

Theorem 1.3. The Gauss map of a harmonic surface is regular if and only if the 
surface is not planar. If the Gauss map of a surface is not regular, then it must be 
a constant vector. 

Remark 1.4. From Theorem 11.31 we find out that, in Theorem ll.li instead of the 
condition "the Gauss map is regular" we can simply say "the surface is non-planar" . 
When we say that the Gauss map is regular we mean that, the cross product 
X is not identically zero at some open subset of the domain. However, as 
it can be shown by the example 

that 

d d 

— n X — n = 0, 

dx ay 

for y — —1/2. Thus, the branch points of the Gauss normal of harmonic surfaces 
are not isolated, as in the case of minimal surfaces. 
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Remark 1.5. The class of minimal surfaces with Enneper-Weierstrass parameteri- 
zation is a special case of the class of quasiconformal harmonic surfaces. Namely in 
this case /C = 1, because the coordinates are isothermal (conformal). In this case 
the condition (II. lip reduces to the condition that g{w) = —i/q'{w) = const, i.e. 
the Gauss normal is a constant. This implies that the minimal surface is planar. 

The class of quasiconformal harmonic mapping between complex domains and 
two-dimensional surfaces has been very active research of investigation in recent 
years. For some regularity results of this class we refer to the following papers [S], 
[S], [TU], [II]. For some regularity results of the class of minimal surfaces we refer 
to the papers of J. C. C. Nitsche [llj and [12]. 

Recall that by a definition of A. Alarcon and F. J. Lopez 12[ a harmonic immer- 
sion AT : M — >■ R'^ is said to be quasiconformal {QC for short) if its orientation 
preserving Gauss map n : M — ^ S*^ is quasiconformal (or equivalently, if g is qua- 
siconformal). Among other special features, quasiconformal harmonic immersions 
are quasiminimal in the sense of Osserman iT3j. In this case, X is said to be a 
harmonic QC parameterization of the harmonic surface X{M). Notice also this, 
a harmonic surface has no elliptic points by the maximum principle for harmonic 
functions. In other words, its Gauss curvature is nowhere positive. Let w a har- 
monic diffeomorphism of the unit disk onto itself which is not quasiconformal. Let 
X{z) = (3?(u'), 3(u'), 0). Then n = (0,0, 1) and therefore it is a 1— quasiconformal 
mapping. This mean that the fact that the condition "the Gauss map is regular" 
is important in Theorem ll.il In other words, two above definitions of quasiconfor- 
mality are equivalent, provided that the Gauss map is regular (up to branch points) 
or what is the same, if the surface is not planar. 

2. Proofs 

Proof of Theorem Let 

X{x,y) = {a{x,y),b{x,y),c{x,y)). 

Without loos of generality we can assume that a{z) — x. Namely, let be a analytic 
mapping of the unit disk into C such that 

<p{z) = a{z) + ia{z). 

Here d{z) is the harmonic conjugate of a{z). Take instead of 

X{z) = {a{z),b{z),c{z)) 

X = Ao0-i(z) 

in some neighborhood D of some nonsingular point z of (j)'{z). Then the first 
coordinate of / is a; in D. 



Let 



Then n(z) is given by 



Xx X Xy 

||A, X Aj,| 



Cyhr^ hyCx Cy hy 



\/bl + cl + {cybx - byCxf \/bl+cl + [cyb^ - byCxf \/bl + cl + {cybx-byCxf 
Define 

P=-^n(z), Q = -^n(z). 
ax ay 
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The distortion function is 



Then 



^ _\Pl+jQl 



(2.1) \Pf + \Qf = ^, 



and 

(2.2) \PxQ\ = 



M 



G3 
where 

M = (^Cy {b^y — byybxx) + byCy { — 2bxyCxy + Cyybxx + byyCxx) + by {c^y — CyyCxx)) 



G = V by'^ + Cy^ + iCybx " ^J/ Cj; ) ^ 



and 

7V = 4(6^^ + 



+ (^L (1 + + 4) - 26j,Cyy6^c^y + (1 + 6^ + 6^ + c^) (?^y - 2bybxCxyCxx + blcl^) 

2Cy {byyCxbxy ~\~ Cxhxybxx H" by (bxyCxy ~\~ bxx^XX^^ 



'^byCy 



1 + ^x + cl) bxyCxy + byy {Cyy (1 + bl 



bybxCxy^ 



-\- by {pxyCxy H~ bxx^xx^ by {Cyy {pxbxy ^x^xy^ ^x^xy^xx H" bx {pxybxx H" bxyCxxy) 



bly {^ + bl + cl) + (1 + 6^ + cl) bly + 2bybyy {-bxbxy + CxCxy) 



"I" ^y i^xy "I" ^xy ^xx ^xx) ^fey {CyyCxbxy bxbxybxx + Cx {Cxybxx + bxyCxx)) 



Let 



— bxy byybxx^ ^ — bxyCxy ~\~ bxx^XX") ^ — ^: 



xy'-^xy t ^xx^xxi 



^xy 



S={l + bl + cl). 
Then, since Ab = Ac = we obtain 

M = [clA - 2byCyB + blC) 

and 



N = clA 



A 
y 

~^ ^y i'"yy^ ~ 2byCyybxCxy + (l -\- by + b^ -\- c^,) c^y — 2bybxCxyCxx + byC^^ 

2Cy {byyCxbxy ^ ^xbxybxx ~t~ byB^^ 
-2byCy {6 + bl)B-b ybxbyyCxy by {Cyy {bxbxy ^X^XJ/) ^X^Xy^XX H~ bx {C-xybxX H~ bxyCxxy) 

5 A + 2bybyy (" 

'bxbxy H" ^x^xy^ 

+ y'^{A + c) + 2by{ 

^yy^xbxy bxbxybxx + Cx (C 

xybxx ~l~ bxyC-xx^) 
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Further, since Ab = 

+ i4y^ ~ '^by(^vybxCxy + {l + bl + bl + c^) cly - 2byb^c^yC^^ + b^cl^) - 2clbyB 



'ZbyCy 



(^S -f- byjB hyhxhyyCxy by {Cyy {hx^xy ^xCxy^ ^x^xy^xx ~^ ^x {^XTj^xx ^xy^xx^^ 
SA -\- 'Zbybyy (Ca^C^y) ~f" (-^ "4" C) H~ i^^yy^x^xy ~t~ Cx ij^xybxx H" bxyCxx^^ 



and 



N = 4A + bl {clyS +{l + bl + bl + cl) cly + blcl,) ~ 2clbyB 



'ZbyCy 



((5 -f- by^B bybxbyyCxy by {Cyy (bx^xy ^x^xy) ^x^^xy^xx H" ^x {c^xybxx H" bxyCxx^^ 



SA -\- 'Zbybyy (c^jCj;^) "f" fey (^A "(^ C) {pyy^x^xy ~l~ {Cxybxx H" bxyCxx^^ 



Finally 



^ = 4^ + +{l + bl + bl+ cl) cly + blcl,) - 2clbyB 



'2byCy 



iS + bl)B 



SA + bl{A + C) 



{5 + bl)B 



2 , „2 



C^^ + 6^ {{bl + 5)C) - 2clbyB - 2byCy 

4(4 + ^ + 4)^ + 4(4 + ^ + 4)^ - ^by^y(^ + 4 + 4)^ 

zlA + blL 



5 A + bl{A + C) 



j{clA + blC^2byCyC) 



where 
As 

we obtain 



^ = l + bl + bl+cl + cl. 

2)r 



GM 

7 {clA + blC~2byCyC) 

G {clA + blC - 2byCyC) 

1 + bl + cl + bl + cl 



2)1 



\l4^4 + (^^v^^ - ^y^^y 

The last part of the theorem follows from the formulas p.3p and ()1.4p . 



□ 



Corollary 2.1 (Berenstein theorem for noparametric harmonic surfaces). // the 

harmonic noparametric surface over is quasiconformal, then the surface is pla- 
nar. 

Proof. From the previous theorem wc find out that the Gauss map is quasiconfor- 
mal. Then by a theorem of L. Simon [15 , X must be planar. □ 
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Corollary 2.2. If X — [a,b,c) is a harmonic surface then 

|Va|2 + |V5|2 + |Vc|2 



{byUx - aybxf + {-Cyttx + ayCxf + {cybx - byCxf' 

Proof of Theorem \1.3[ As in the proof of Theorem 1 we can assume that the first 
coordinate of the surface is x. Further, by using the same notation 

— ^xy byyhxx^ B bxyCxy ^ bxx^xx^ C — ^xy ^yy^xx 



G = \/by^ + Cy^ + [Cybx - byCx)^ , 

and 

M = {clA - 2byCyB + blC) , 

we obtain that 

d d ^ 
— n X — n = 

ax ay 

if and only if M — Q. The last is equivalent with 

{\Cy\^- \by\VCf + 2{\by\\Cy\^AC~byCyC)=Q. 

It is an elementary application of Cauchy-Schwarz inequality that 

^/AC > B. 

Moreover 

AC = B'^ 

if and only if 

bxxCxx — bxyCxy- 

Thus Af = if and only if 

i\Cy\VA~\by\VC)=0 

and 



Thus 



\by\\CyWAC-byCyC^O. 



by ^0, Cy ^ 0, 



bxxCxx — bxyCxy 

and 

CyVA- byVC = 0. 

The cases 6j, — or Cj, — are trivial. So assume that by ^ Q and Cy ^ 0. 
Combining the last two equalities we arrive at equality 

Cybyy — byCyy. 

It follows that 

— b. = 

dy Cy 

i.e. 

^ = A(:.), 
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for some real function A(a;) depending only on x. Since by and Cy are real analytic, 
it follows that A is a real analytic function, i.e. 

oo 

A(x) = ^A„x". 

Further 

oo 

and therefore 

n oo 

by{z) = J2 ^nX" J2^ar,Z^ + ''"^")- 

n=0 n=0 

Let us show that A„ = for n ^ 2. 

We will use the following well-known fact. Any harmonic function has (locally) a 

unique representation as a sum of homogeneous harmonic polynomials q:„z"+/3„'z". 
Since Xix{aiz + biz) is the only possible harmonic polinom of degree 2 in the 
expression for by, it must be aiz + b\z = 2a\y. Further 

n-l 

\n-kx"~''{akz'' + bkz'') 
is a harmonic polinom of degree n and is therefore equal to 

Thus 

n-l 

^ K.k{z + zT-'^ia'kZ^ + b'kz'') = a^z^ + 

fe=0 

Since the representation 

^qijzH^ 

id 

is unique, it follows that for n > 2, A„ = 0. Hence 

— = Aia;-|- Aq. 

Cy 

By a similar argument we find that, if Ai ^ 0, then Cy = ujy + v. In this case 

c(a;, y) = '^{y^ -x^)+vy + vix + VQ 

and 

by = {Xix + \o){u)y + y). 

Thus 

b{x,y) = '^{Xix + Xo){y + iy/ujf--^^{Xix + Xof. 

However b and c obtained in this case do not satisfy the equation M = in an open 
set. Namely 

M = Xi{u + ujyf ^ 0. 
It remains to consider the case Ai = 0. Then 

b{z) = Xoc{z) + u{x), 
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implying that iy{x) — 1^0 + vix. Thus 

X{x) = (x, Aoc(z) + I'D + i^ix^ c{z)). 
Thus the Gauss map of the surface X is 

\^ I 

implying that the surface is planar. 

□ 

2.1. An open problem. Whether Berenstein theorem is true for quasiconformal 
parametric harmonic surfaces? 
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